We consider the notion of thermal equilibrium for an individual closed macroscopic quantum system in a pure state, i.e., described by a wave function. The macroscopic properties in thermal equilibrium of such a system, determined by its wave function, must be the same as those obtained from thermodynamics, e.g., spatial uniformity of temperature and chemical potential. When this is true we say that the system is in macroscopic thermal equilibrium (MATE). Such a system may however not be in microscopic thermal equilibrium (MITE). The latter requires that the reduced density matrices of small subsystems be close to those obtained from the microcanonical, equivalently the canonical, ensemble for the whole system. The distinction between MITE and MATE is particularly relevant for systems with many-body localization (MBL) for which the energy eigenfuctions fail to be in MITE while necessarily most of them, but not all, are in MATE. We note however that for generic macroscopic systems, including those with MBL, most wave functions in an energy shell are in both MATE and MITE. For a classical macroscopic system, MATE holds for most phase points on the energy surface, but MITE fails to hold for any phase point.
Introduction
Thermal behavior of closed macroscopic systems in pure states has been widely studied in recent years; see e.g., [7, 30, 16, 43, 31, 32, 35, 23, 15, 33, 36, 34, 8] , after some pioneering work even earlier [38, 46, 39, 6, 40, 44] . In particular, the importance of the eigenstate thermalization hypothesis (ETH) [6, 40] has become widely appreciated, see e.g., [35, 32, 23, 15, 17, 25, 34, 8] . It asserts, in one version, that all energy eigenstates (in a suitable energy shell) are thermal, i.e., assigning probability distributions to observables that are characteristic of thermal equilibrium. The ETH holds for many (but not all) macroscopic quantum systems. When it holds then the system, starting out of equilibrium, will thermalize (at least in the time average; see Section 4 below). Thus if a system does not thermalize it must have energy eigenfunctions that fail to be thermal.
An important case of this is that of many-body localization (MBL) [1, 3, 26] , for which the Hamiltonian has (at least some) eigenfunctions that are in some way localized, so that, for any wave function, the component from these eigenfunctions will not spread but stay localized forever. For systems with MBL it has been argued that most (if not all) energy eigenfunctions (in suitable energy intervals) fail to be thermal, and there are in fact models for which this can be analytically [19] , numerically [28] , or perturbatively [2, 3, 37] seen to be the case. At the same time it has been argued [15] that most energy eigenstates must rather generally be thermal, in particular even for systems with MBL.
This situation is thus rather puzzling: How can the fact that most energy eigenfunctions for (some) MBL systems are not thermal be reconciled with the results in [15] showing that in wide generality most of them must be. The answer to this question, we point out, lies in the fact that there are basically two notions of thermal equilibrium for pure states: a macroscopic notion of thermal equilibrium that we call MATE, and a more refined microscopic one that we call MITE. While most, but definitely not all, energy eigenstates of a system with MBL are in MATE (see Sec. 4), none, or nearly none, are in MITE [2, 3, 28, 19] . Nonetheless, most pure states in the energy shell are in both MATE and MITE, even for systems with MBL (see Sec. 2 and 3). It is with these two notions of thermal equilibrium and their consequences that we are concerned here.
To be more precise, consider a finite, macroscopic, closed quantum system with Hilbert space H . Let H mc be a micro-canonical energy shell, i.e., the subspace of H spanned by the energy eigenstates with eigenvalue in an energy interval that is small on the macroscopic scale but contains many eigenvalues. The micro-canonical density matrixρ mc is defined byρ
mc withP mc the projection to H mc . As usual, pure states in H mc are superpositions of energy eigenstates in H mc . Both MITE and MATE can be expressed as subsets of the unit sphere in H mc ,
We will often simply say "micro" for "microscopic" and "macro" for "macroscopic"; "most" means "all but a few" or "all except a set of small measure" (i.e., "an overwhelming majority of"); measures are taken to be normalized; the small measure, in fact, tends to 0 in the thermodynamic limit. We define MATE and MITE in Sections 2 and 3, respectively, and discuss the properties and differences of the two notions in Section 4. We also note there that these notions can also be applied to mixed states. We provide a deeper and more detailed discussion elsewhere [13] .
MATE
The definition of MATE is based on macro observablesM 1 , . . . ,M K . To be specific, macro observables can reasonably be based on a partition of the system's available volume Λ ⊂ R 3 into cells Λ i that are small on the macro scale but still large enough to each contain a large number of degrees of freedom. Examples of natural choices of M's are, for each cell, the number of particles of each type, the total energy, the total momentum, and/or the total magnetization. These are the variables usually considered in the thermodynamic or hydrodynamic description of a fluid or magnet.
Following von Neumann [46] , we take theM j to commute with each other and to be such that the gaps between the eigenvalues are of the order of the macroscopic resolution (so that the eigenvalues are highly degenerate). This can be achieved by suitably "rounding off" and coarse-graining the operators representing the macro observables [46, 17, 27] . Taking H mc to be an eigenspace of a "macro energy" operator, and thus to commute with the other macro observables, allM j can be regarded as operators on H mc . Their joint spectral decomposition defines an orthogonal decomposition
and the subspaces H ν ("macro spaces"), the joint eigenspaces of the macro observables, correspond to the different macro states and have very high dimension. The decomposition is in some ways analogous to a partition, in classical mechanics, of an energy shell Γ mc in phase space into disjoint subsets Γ ν corresponding to different macro states [4, 9, 14, 22] . It is generally the case [4, 21, 14] , both in classical and quantum mechanics, that one of the macro states, corresponding to thermal equilibrium, is dominant, i.e., that one of the Γ ν 's, denoted Γ eq , has most of the phase space volume of Γ mc , and that one of the H ν , denoted H eq , has most of the dimensions of H mc , i.e.,
with ε ≪ 1.
1 Realistic values of ε, say for a liter of air under atmospheric pressure, are smaller than 10 −10 5 [13] ; more generally, ε is exponentially small in the number of degrees of freedom per cell. We assume here that our system and our choice of macro observables are such that (3) holds for suitably small ε. The system is said to be in MATE whenever its wave function ψ lies within a δ-neighborhood of H eq with suitably small δ > 0, i.e., in the set
withP eq the projection to H eq . Thus for a state ψ that is in MATE, the probability is close to one that all macro observables take on their thermal equilibrium values. A concept of thermal equilibrium along these lines was used before in, e.g., [18, 35, 15, 10, 11, 12] . It is known [15] that, if ε ≪ δ, then MATE has most of the surface area of S(H mc ), so most pure states are in MATE. This follows from the fact that the average of ψ|P eq |ψ over S(H mc ) is equal to (3); since ψ|P eq |ψ cannot exceed 1, it must be close to 1 for most ψ (see Section 4 for more detail). It can similarly be shown, see (21) below, that most energy eigenstates are in MATE. To be sure, there are states in the energy shell which are not in MATE; for example, one could take a tensor product of states of two regions having (what look macroscopically like) different temperatures. An alternative definition due to Tasaki [45] (in the same direction as [5, 43] ), not strictly but approximately equivalent and denoted TMATE here, avoids the step of rounding off to make the macro observables commute, which may pose substantial difficulty to carry out in practice. Instead, takeM 1 , . . . ,M K to be the macro observables before rounding off and coarse graining (mathematically, any self-adjoint operators), let V j = tr(ρ mcM j ) be the thermal equilibrium value ofM j , and let ∆M j be the macro resolution of the observable represented byM j . Using 1 A to denote the characteristic function of the set A, we defineP
to be the projection associated with the eigenvalues ofM j that lie within the macro resolution of the thermal equilibrium value. Then let
Note that ψ|P j |ψ is the probability of finding, in a quantum measurement ofM j on a system in state ψ, a value that is ∆M j -close to V j . If this probability is > 1 − δ for at least the fraction 1 − η of S(H mc ) for each j, then TMATE has at least size 1 − Kη (in terms of normalized surface area), which is close to 1 if η ≪ K −1 . We note further that MATE as in (4) can essentially also be written as the right-hand side of (6) if theM j are taken again as commuting and coarse-grained on the scale ∆M j , so thatP j becomes the projection to the eigenspace ofM j with the dominant (most degenerate) eigenvalue, and H eq is the intersection of these eigenspaces. Indeed, the right-hand side of (6) is then contained in that of (4) with δ replaced by Kδ, and that of (4) is then contained in that of (6).
MITE
While MATE implies thermal behavior only for macro observables, MITE involves also "micro" observables, more precisely, those observables concerning only a region smaller than a certain length scale ℓ. The definition of MITE is inspired by canonical typicality, the observation [7, 29, 30, 16 ] that for any not-too-large subsystem S and most wave functions ψ in the energy shell H mc , the reduced density matrix of S is close to the thermal equilibrium density matrix of S,
is the reduced density matrix of S obtained by tracing out the complement S c of S, and
If S is small enough thenρ
for suitable β > 0, where the right-hand side is the partial trace,
of the canonical density matrix
As a consequence, for small S, it does not matter whether one starts fromρ mc orρ (β) (this fact is a version of equivalence of ensembles), and we also havê
We will call (11) the canonical or thermal density matrix for S. 2 We note that ifρ ψ S ≈ρ mc S for some subsystem S then the same is true for every smaller subsystem S ′ contained in S ("subsubsystem property" of (7)), just by taking another partial trace on both sides of the approximate equationρ
The system is said to be in MITE ℓ (MITE on the length scale ℓ) whenever ψ ∈ S(H mc ) satisfies (7) for every subsystem S corresponding to a spatial region of diameter diam(S) ≤ ℓ, i.e., with some precise definition of ≈ (such as the trace norm of the difference being smaller than a given value). The subsubsystem property implies that every ψ in MITE ℓ lies also in MITE ℓ ′ for any smaller scale 0 < ℓ ′ < ℓ. MITE is then defined to mean MITE ℓ 0 with ℓ 0 the largest ℓ small enough to ensure that (10) holds for every subsystem S with diam(S) ≤ ℓ 0 . As a practical value, for example, we may take ℓ 0 = 10
where Λ ⊂ R 3 is the volume of the whole system. Thus a state ψ is in MITE if for every subsystem of diameter ℓ 0 or smaller, the reduced density matrix is close to the thermal equilibrium reduced density matrix. Most ψ ∈ S(H mc ) lie in MITE. Indeed, canonical typicality (in the sense ofρ ψ S ≈ρ mc S for most ψ) holds for subsystems of up to nearly half the size of Λ (that is, half the degrees of freedom, or square root of the Hilbert space dimension, in practice usually half of the volume; see [29, 30, 13] for a discussion). We can choose a moderate number r (e.g., r = 8 for cube-shaped Λ) of overlapping regions S i ⊂ Λ (e.g., also cubes) of nearly half the volume so that most ψ satisfyρ
for all 1 ≤ i ≤ r simultaneously, and so that every region S with diam(S) ≤ 1 4 diam(Λ) is contained in one of the S i . By the subsubsystem property, alsoρ ψ S ≈ρ mc S for such regions S, so most ψ lie in MITE diam(Λ)/4 and a fortiori in MITE = MITE ℓ 0 with ℓ 0 as in (15) .
A concept along the lines of MITE was used before in, e.g., [32, 23, 36, 25] .
Discussion
We organize our discussion under a number of subheadings. MITE implies MATE.-To discuss this point, it is helpful to first introduce a common framework for formulating MITE and MATE. For any observableÂ, let µ ψ A denote the probability distribution defined by ψ ∈ S(H mc ) over the spectrum ofÂ,
for all sets B ⊆ R (with 1 B (Â) the projection to the subspace spanned by the eigenvectors ofÂ with eigenvalue in B). Likewise, let µ mĉ A denote the probability distribution defined by the micro-canonical ensemble, with ψ taken to be uniformly distributed in S(H mc ).
Both MITE and MATE are ultimately of the following form (see also [43] ): For a certain family A of observables, consider the set of ψ ∈ S(H mc ) for which µ ψ A ≈ µ mĉ A for allÂ ∈ A . MATE is obtained by taking A = A MATE = {M 1 , . . . ,M K }, and MITE ℓ by taking A = A MITE ℓ = ∪ S A S with the union taken over all regions in Λ of diameter ≤ ℓ and A S the set of all self-adjoint operators on H S , more precisely,
whereÎ denotes the identity operator and S c again the complement of S. Indeed, for A =Â 0 ⊗Î S c and ψ ∈ MITE ℓ ,
for all B ⊆ R by (14) . From this perspective it is obvious that MITE implies MATE when based on reasonable choices: Suppose that
where L is the length scale of the macro observables-the diameter of the cells Λ i on which the macro observablesM j were defined at the beginning of Section 2; that is, suppose that (7) holds at least up to the length scale of the macro observables. This is commonly the case; e.g., for a cubic meter of gas at room conditions, we can realistically take L ≈ 10 −4 m and ℓ 0 ≈ 10 −3 m. As a consequence of (20),
ETH.-To come back to the eigenstate thermalization hypothesis (ETH), it comes in two variants: MATE-ETH and a more refined version MITE-ETH, according to whether the energy eigenstates are required to be in MATE or MITE. It is MITE-ETH that fails dramatically in some MBL systems, according to the findings of [2, 28, 19] ; there it is shown for certain MBL systems that a substantial fraction of the energy eigenstates (in a micro-canonical energy interval), or even all of them, lie outside of MITE. At the same time, it is easy to see that for every macroscopic quantum system (MBL or not), MATE-ETH must be almost satisfied, in the sense that most energy eigenstates |n ∈ S(H mc ) are in MATE: Assuming that (3) holds with ε ≪ δ, we obtain, writing
and since n|P eq |n cannot exceed 1, most of these terms must be close to 1. If MATE-ETH holds strictly, i.e., if all energy eigenstates in H mc are in MATE, then every state ψ ∈ S(H mc ) will sooner or later reach MATE and spend most of the time in MATE in the long run. That is because [15] , writing f (t) = lim T →∞ 1 T T 0 f (t) dt for time averages, |n for the energy eigenstate with eigenvalue E n , and ψ t = e −iĤt ψ,
providedĤ is non-degenerate, i.e., E n = E n ′ for n = n ′ (using e iEt = 1 if E = 0 and = 0 otherwise).
3 Since its time average is close to 1, ψ t |P eq |ψ t must be close to 1 for most t in the long run.
It follows from this that systems with MBL for which the transport coefficients vanish, so that an initial state ψ with a non-uniform temperature will remain so indefinitely, cannot have all of its energy eigenfunctions in MATE. Since most energy eigenstates are in MATE, such ψ must be a superposition of predominantly those rare eigenstates that are not in MATE.
This leads to the question whether there are macroscopic systems for which all energy eigenstates are in MATE-i.e., whether MATE-ETH ever strictly holds. It is known that this is so for a random Hamiltonian whose eigenbasis is uniformly chosen among all orthonormal bases [15] ; see also [46, 17] . Some numerical evidence [20] points to the existence of systems with realistic interactions for which all energy eigenstates are in MITE and thus also in MATE.
For MITE-ETH, there are several results [35, 23, 33] , all of which assume that the Hamiltonian is non-degenerate and has non-degenerate energy gaps, i.e.,
a condition that is generically fulfilled. We note here two results, the first of which [23] asserts that if all energy eigenstates in H mc are in MITE, then most ψ ∈ S(H mc ) will sooner or later reach MITE and spend most of the time in MITE in the long run. More precisely, those ψ will behave this way for which the effective number of significantly participating energy eigenstates is much larger than dim H S for any small S. The second result [35] shows that all (rather than most) ψ will ultimately reach MITE and stay there most of the time, under two assumptions, first again that all energy eigenstates are in MITE, and second Srednicki's [41, 42] extension of the ETH to off-diagonal elements, i.e., that forÂ ∈ A (here, A = ∪ S A S as in (18)),
(see also [34] ). Indeed, a calculation using (26) shows that
and if m|Â|n < ε ≪ 1 for all m = n, then the time variance (28) is smaller than ε 2 . If all |n are in MITE, a calculation similar to (22)- (25) shows that
It follows that, for most t in the long run, ψ t |Â|ψ t ≈ tr(ρ mcÂ ) for allÂ ∈ ∪ S A S (in particular for projections), so ψ t ∈ MITE for most t in the long run.
Mixed states.-Once we have the notions of MITE and MATE for pure states ψ, they are easily generalized to mixed statesρ: MATE occurs if tr(P eqρ ) > 1 − δ, and MITE ifρ S ≈ρ mc S for all subsystems S defined by spatial regions of diameter ≤ ℓ 0 . Note that neither MATE nor MITE requires thatρ be close toρ mc orρ (β) . Thermal equilibrium in classical mechanics.-Only one of the two notions MITE and MATE can be satisfied for pure states in classical mechanics, namely MATE. That is because a "pure state" corresponds in classical mechanics to a point X in phase space, while a "mixed state" corresponds to a probability distribution over phase space. Since X specifies the positions and momenta of all particles, it also provides a pure state for any subsystem. In contrast, in quantum mechanicsρ ψ S can be mixed, and in fact is mixed except for product states. So in classical mechanics it is never true for a system in a pure state that a subsystem S could have a state close to a thermodynamic ensemble such as the marginal (obtained by integrating out the variables not belonging to S) of the micro-canonical distribution (i.e., uniform over the energy shell) or the canonical one for the whole system. In contrast, MATE is analogous to Boltzmann's [4, 9, 14, 22] notion of thermal equilibrium for a closed classical system, based on a partition of phase space into macro states Γ ν . (Note that there is no difference between MATE and TMATE classically, as all observables commute.)
Abstract MITE.-A natural mathematical generalization that is often interesting to consider is based on dropping the idea that S corresponds to a region in 3-space and regarding S as an abstract subsystem defined by any splitting of Hilbert space into a tensor product,
where S c can be thought of as just an index for another Hilbert space. For example, S may comprise the spin degrees of freedom and S c the position degrees of freedom, or S may comprise the oxygen atoms and S c all other atoms in the system. Given a list of subsystems S 1 , . . . , S r , one can define MITE S 1 ,...,Sr = r i=1 ψ ∈ S(H mc ) :ρ
Canonical typicality implies that, if r is not too large and each S i is not too large (a sufficient condition is dim H S i ≪ √ dim H mc ), then most ψ ∈ S(H mc ) are in MITE S 1 ,...,Sr ; see Theorem 1 in [29, 30] and Proposition 1 in [13] for a precise and quantitative statement of this fact.
One can also consider the set MITE most comprising those ψ ∈ S(H mc ) for whicĥ ρ ψ S ≈ρ mc S holds for most abstract subsystems S of dimension ≤ d 0 . If d 0 ≪ √ dim H mc , then also MITE most has most of the surface area of S(H mc ) [13] . On the other hand, given any pure state ψ ∈ S(H mc ),ρ ψ S ≈ρ mc S cannot hold for all abstract subsystems S of dimension ≤ d 0 simultaneously [24, 13] .
Conclusions
Perhaps the most surprising aspect of the situation is that the various criteria for thermal equilibrium of pure states proposed in the literature fall into two groups that differ substantially in how much they demand.
Arguably, the essence of thermal equilibrium is what characterizes it in thermodynamics: that a system appears stationary on the macro level, and that temperature and all chemical potentials are spatially uniform. This corresponds to MATE, which may therefore be regarded as the direct expression of thermal equilibrium. On the other hand, since MITE is the stronger statement, and since it is usually true that macroscopic quantum systems approach MITE (MBL systems being an exception), it is natural to consider MITE, and it would seem artificial to not regard it as a new kind of thermal equilibrium property emerging from quantum entanglement.
